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Abstract

The hypothesis of plastic incompressibility, which is pivotal in the

development of the classical theory of plasticity has been tested by means

of a series of simple tension tests on aluminum, copper and low carbon steel.

The experimental measurements sho% conclusively that these metals are plas-

tically compressible, the compressibility increasing with straining in the

plastic region.

A new phenomenon, termed lateral instability, has also been observed,

consisting in an abrupt plastic flow in the transverse direction either im-

mediately preceding or immediately following yield in the longitudinal direc-

tion, during a simple tension test on low carbon step' To a less pronounced

extent such a phenomenon has also been observed in the case of commercially

pure aluminum.



I. Introduction

One of the assumptions of the classical theory of plasticity is that

the material remains plastically incompressible while it undergoes plastic

deformation. This implies that the hydrostatic response of the material

remains elastic, (linearly, for small strains) even after yielding has

occurred. This assumption also leads to the conclusion that Poisson's ratio*

tends to - as the plastic strain increases
[ I1 2 ]

2

In the present investigation the above assumption is evaluated criti-

cally by means of a series of simple tension tests on aluminum, copper and

low carbon steel. We shall show in the following, that our experimental

data do not support the hypothesis of pla :tic incompressibility. Moreover,
1

Poisson's ratio does not tend to I as the plastic strain increases but, on

the contrary, its value decreases and becomes smaller than its "elastic"

value.

A newly observed form of material instability. The above statements

on the observed behavior of Poisson's ratio, are true for copper and broadly

true for aluminum and mild steel. However, in the case of mild steel (and

to a lesser extent, aluminum) an unusual phenomenon, which we shall call

LATERAL INSTABILITY, was observed for what is believed to bo the first time.

At least, to our knowledge no such phenomenon has ever been reported in the

literature in the past.

*It must be pointed out that, in this report, we do not regard Poisson's
ratio as some fundamental physical property or function, but simply as the
ratio of the algebraic values of the transverse and longitudinal strains,
in a uniaxial test. On the other hand because the experiments reported here
were carried out in the small strain range, Poisson's ratio is a convenient
quantity to work with, since it can be used to relate directly the uniaxial
to the volumetric strain; the latter is an important parameter in our inves-
tigation.

h.1
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Lateral instability is defined by one of the following two observed

sequences of events during a simple tension test.

(a) As the yield point of a low carbon stee! specimen is reached,

the material begins to flow longitudinally (i.e., in the direction

of applied stress) and one observes the usual increase in longitu-

dinal strain while the longitudinal stress remails cunStant.

However an abrupt occurence of plastic flow in the transver-e

direction has also been observed, just after longitudinal flow

has ceased and strain-hardening has begun.

(b) Abrupt transverse flow occurred just before the onset of longitu-

dinal flow.

It is significant that no transverse flow has been observed during the

poce~s of longitudinal flow. A more detailed discussion of this phenomenon

will be given in text.

In the case of aluminum the onset of lateral plastic flow was not abrupt,

but what was observed amounted to a significant increase in the transverse

strain during a relatively small increment in longitudinal strain. A quanti-

tative plot of these events is shown in later figures.

Loading-unloading loops have also been observed in some of the tests.

It will be shown in later sections that loops are also obtained in plots of

transverse strain versus longitudinal strain, and hydrostatic stress versus

volumetric stain.

iV

*1
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II. Materials and Specimens

Altogether three metallurgically important metals were tested. They

were commercially pure aluminum, electrolytic tough pitch copper and low-

carbon steel. The aluminum specimens were sheared from an 1100-0 alumirum:

sheet, all the copper specimens were cut out of an electrolytic tough pitcht!
copper 110 (99.9 % copper) bus bar, and the steel specimens were cut from a

cold drawn C 1018 flat. The nominal dimension of all the aluminum and copper

specimens was x 15" and that of all the low-carbon steel specimens

was w x x 12". All the specimens of the same metal were considered to

be identical prior to the heat treatment. These specimens have been divided

into several groups, according to the annealing temperatures and purposes of

study. They are listed in Table I.

ILI
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III. The Equipment and Strain Measurements

All tests were conducted at room temperature on a Tinius Olsen Lo Cap

universal testing machine with strain gage load cell weighing and equipped

with a Tinius Olsen Model 51 electronic recorder. The load readings on the

diAl indicator were calibrated against a Tinius Olsen proving ring with the

electrical vibrating reed.

A Tinius U±sen b-0-2AB extensometer was used to measure the longitu-

dinal strains of all the specirmens except those of group III of aluminum.

This is an averaging type extensometer with a gage length of two inches.

The accuracy of the extensometer is ± 0.0001 in/in as guaranteed by the

manufacturer and was calibrated against the SR-4 electric strain gages of
-- !
type A-7 which have the accuracy of 2 x 10"5 in/in. The load vs. longitu-

dinal strain cx curves were plotted by the Model 51 recorder during experi-

ments.

To measure the transverse strains cy, a SR-4 electric strain gage of

type A-7 was transversely put on one side of each specimen. The transverse

strain was then read directly from a SR-4 portable strain indicator at the

accuracy of 2 x 10- 5 in/in.

The strain measurements of the specimens of group III of aluminum were

specially arranged for greater accuracy. A-7 type strain gages were longitu-

dinally and transversely glued on both sides of each specimen belonging to

this group, in order to cancel out the bending effect. The strain reading

of each gage was then obtained from a SR-4 portable strain indicator with

the help of a BLH Model 225 switching and balancing unit. Finally, the

average value of the readings of the two longitudinally &-ranged strain

gages gives us the longitudinal strain cx, and the average value of the
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readings of the two transversely arranged strain gages gives us the transv%:rse

strain c
y
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IV. Description of Tests and Results

Experiments on Alumintun

The first group of aluminum specimens was tested under the "as-received"

condition. During the tests, .he Tinius Olsen machine was operated at a

constant rate of crosshead separation. The rate was 8 x 10" in/sec, which

corresponds to a strain-rate of approximately 5 x 10 - 5 in/in/sec r,, the

specimens used. The recorder traced out the load versus c curve as readings

of load and of transverse strain were taken simultaneously at predetermined

readings of load, at small longitudinal strains, and at predetermined read-

ings of longitudinal strains, when the strain was large.

The stress-strain curves are shown in Fig. 1, in which the curve for

specimen #1 is identical to that for specimen #2. Fig. 2 shows the relations

between tile traaaverse and the longitudinal strain, and Fig. 3 shows the

hydrostatic stress (x 3) versus the volumetric strain curve for aluminum of

group I. A loading-unloading loop was generated at the end of each test, and

we obtain loops, which is similar to the hysteresis loops, in the curves of

Figures 2 and 3 (not shown). More observations and discussions of the loops

will be presented later in this report. The large increase of -y at a lon-

gitudinal strain of approximately 2.5% (see Fig. 2) corresponds to a case of

"mild" lateral instability as compared to the "strong" lateral instability

observed in low-carbon steel. We shall make more observations later about

the lateral instability of aluminum.

The second group of aluminum specimens was tested exactly in the same

way as those of group I, except that the specimens were first annealed at a

tcmperature of 600OF for two hours and then oven cooled to the room tempera-

ture before testing. This annealing process removes most of the effects due
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to cold work, and the material can thus be considered as isotropic. Thm

stress-strain curves for specimens At #3 and A. #4 are shown in Fig. 4, in

which the two curves are indistinguishable. We notice, however, thst the

material is considerably softened due to the heat treatment.

To see the sudden increase in magnitude of the transverse strain at a

longitudinal strain of approximately 2.2%, which has been an observed fact

in the test of group I, this series of tests was carried out to the extent

that the longitudinal strain at the time of termination of the test was ap-

proximately 9%. Here, again, we have observed a sudden increase in -c at aV

longitudinal strain of approximately 2.2%. This phenowanon has been observed

both for specimens At #3 and At 4.

The -E vs. c curves are plotted in Fig. 5, and the akk VS. Ckk curvesy x

are given in Fig. 6. The sudden increase of the transverse strain in Fig. 5

gives rise again to the sudden decrease of the volumetric strain in Fig. 6

which corresponds tc the lateral instability mentioned earlier. In this

series of test, the loopings of the curves are once more present in all the

figures concerned (not shown). These loopings are due to the loading-unload-

ing test conducted at the endof each study.

It is important to point out, that aside of the sudden change of

Poisson's ratio immediately following yielding, Poisson's ratio remains ap-

proximately constant throughout the range tested. Poisson's ratio in the

plastic range is defined in the present investigation by the expression

C

x

which, in fact, is also used in elasticity (see footnote in the introduction).

Group III of the aluminum .pecimens was tested quasi-statically, i.e.,

readings were taken after the machine had been stopped and time of 5 minutes
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had already elapsed. By doing this, it is believed that the results obtained

are time independent. As it has already been described earlier in this re-

port that four strain gages were applied to each specimen of this series to

eliminate the bending effect due to the possible eccentricity of the loading

arrangement. The comparison of the present results (shown in Figures 7-12)

with those obtained earlier in groups I and I of the aluminum specimens shows

that reliable data can be obtained without the complicated strain gage set-

ups of group III. In fact, the grips of the Tinius-Olsen machine arm of the

self-aligning type, therefore, eccentricity ic to be expected at its minimum.

Loops are again present in all the figures concerned (Figures 7-12). It

is seen from Figures 9 and 10 that Poisson's ratio decreases again drastically

immediately following yielding.

The fact that all the curves in Figures 3, 6, 11 and 12 bend over toward

the__..kk-axs leads to the conclusion that alumirum is plastically compressible,

at least when the hydrostatic stress is of a tensile nature. The assumption of

plastic incompressibility in the classical theory of plasticity would lead to a

linear relation between hydrostatic stress and volumetric strain; this appreently

is not the case.

Experiments on Copper

The experiments on group I of the copper specimens were designed to fur-

ther study the loops which we had observed in the tests of aluminum specimens.

These specimens of copper were tested under the "as-received" condition. The

rate of crosshead motion was kept constant (8 x 10"4 in/sec) during this

series of test, The loading-unloading curves for specimens Cu 01 and Cu #2

are shown in Figures 13 and 14, and the corresponding -c versus c curvesy

are shown in Figures 15 and 16. We see here again that loops are definitely

in existence and that, after a loop has been completed, the curve of -c
y

i4
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versus r x is virtually a continuation cf the original -cy versus eX curve.

The plots of akk VS. Ekk for these specimens are given in Figures 17 and 18.

The copper specimens of group II were tested in exactly the same way

as those of the aluminum specimens of group II, except that the annealing

temperature was 750 0 F. The results are shown in Figures 19, 20 and 21. We

remark that in contrast with the aluminum specimens we do not observe the

sudden increase in the magnitude of the transverse strain for all the copper

specimens concerned. As a result, Poisson's ratio is approximately a con-

stant throughout the range tested.

Experiments were conducted on group III of the copper specimens under

quasi-static conditions, i.e. readings were taken after the machine had been

stopped and 5 minutes had elapsed. The results of this series are given in

Figures 22, 23 and 24. We again observe no sudden increase in the magnitude

of the transverse strain and that Poisson's ratio is virtually constant

throughout the range tested.

The tests on copper specimens of groups I, II and III show conclusively

that copper is also plastically compressible, as it is seen easily from

Figures 17, 18, 21 and 24; otherwise these plots would have been straight

lines.

Experiments on Low Carbon Steel

The same experimental procedure as described above was followed when the

five low-carbon steel specimens were tested. All the five specimens were

annealed, prior to tests, at a temperature of 1250OF for one hour and then

oven cooled to room temperature. Thus, all the specimens can be considered

to be identical and the material can be considered to be isotropic.

The tests were carried out under quasi-static conditions, and a typical

stress-strain curve for these specimens is given in Fig. 25. In Fig. 25, the
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relation between the transverse strain and the longitudinal strain is plotted

for all the five specimens. It is seen that aside of the portion reflecting

"lateral instability" the curve ir almost a straight line. Of all the speci-

mens tested in this series, three of them (#1, #2 and #4) showed lateral

instability before the occurrence of the longitudinal plastic flow, and follow

the path OABDE in Fig. 26. The rest of the specimens (03 and #5) experienced

lateral instability immediately after the longitudinal plastic flow had been

accomplished, i.e., lateral instability had occurred before the material

strain-hardened. In this case, curve OACDE of Fig. 26 is followed.

We conjecture that had the material been homogeneous as well as isotropic

then longitudinal and transverse flow would have taken place simultaneously.

Since in practice this is rarely true, the order in which these flows occur

must then be decided by slight differences in the directional properties of

the specimen.

To ensure the correctness of our observation about the lateral Instabil-

ity as a material property of low-carbon steel. The transverse dimension of

all specimens was measured after the experiments by means of a micrometer.

The permanent transverse strains were then calculated referring to the orig-

inal dimensions of the specimens. The results checked favorably (with less

accuracy, of course) with those obtained by means of electric strain gages.

Two of the five experiments (#2 and #4) were terminated right after the occur-

rence of the transverse plastic flow and before much longitudinal flow had

occurred, in order for us to study the lateral instability more closely.

Measurements by means of both electric strain gages and micrometer showed

that large amount of plastic flow did occur transversely at yielding. If it

was not for the transverse plastic flow, the transverse permanent strains

would have been very small for these two specimens.
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The relation between the hydrostatic stress and the volumetric strain

is shown in Figures 27-31. The alphabetical order of I tters in the figures

denotes successive states of the material during the tests. The last letter

in the figure gives us the position where the corresponding test was termi-

nated. It is seen that the lateral instability corresponds to a sudden de-

crease of volumetric strain. In the case when lateral instability occurs

before the longitudinal plastic flow, the volumetric strain could become nega-

tive! A very strange result!

(6)
However, a similar phenomenon was observed by Bridgman ]

. He investi-

gated, by means of a dilatometer, volume changes during simple compression

in the plastic range, in various materials, such as mild steel, Norway iron,

cast iron and rock (soapstone, m arble and diabase). He observed an increase

in volume under conditions of compressive hydrostatic stress, when the axial

compressive stress exceeded its yield value.
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V. On the 6-curacy of the Experimental Measurements

It is be noted that is is impossible to glue a strain gage on the

specimen such that the strain gage makes an angle of exactly 900 degres-

with the longitudinal direction of the specimen. Slight errors are always

possible, and these errors tend to make the readings of transverse stre.,

smaller than it should be. These are, however, small since the gages are

in the principal strain directions. According to Perry and Lissner 3] , a 2

degree error in gage alignment would only result in an error of less than

1%.

Our purpose in the present experimental study is not the determination

of the exact value of Poisson's ratio. Our primary concert is the trend in

the variation of Poisson's ratio as the longitudinal strain increases. For

this reason, the above mentioned deviations due to the misalignment of the

transverse strain gages are not important, since they hardly affect the broad

trends in the variation of Poisson's ratio, which are of interest here.

Slight scattering of some of our experimental data for different speci-

mens may be attributed partially to the above mentioned misalignments of the

transverse strain gages. We notice, however, that our data are very consis-

tent in general, and the slight scattering of data occurs only in the case

of copper specimens #5 and #6. Even in these cases where data a- scattered

slightly, the curve for each specimen is itself smooth, which Indic, is that

scattering is due to a large extent to variability in the properties of the

specimens.

Of course corrections must also be made on the readings of the transverse

strain c due to the effect of transverse sensitivity of the electric strain
Y

gages. The transverse sensitivity factor for A-7 strain gage is given by
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forr anO Lissner as k = -0.01. The error, which is defined by e = €

where c i.- the apparent strain and E is the true strain, is 3% for a Poisson's

ratio of 0,3 a, -s 2.6% for a Poisson's ratio of 0.33. It is equivalent to

saying that E = 0.971 E for material with Poisson's ratio of 0.3 and E

0.984 E for material with Poisson's ratio of 0.33. We have thus seen that
c

the t-- transverse strain is 2.9% smaller than the apparent transverse

str31, when v = 0.30, ikna is 1.6% smaller than the apparent transverse strain

when v = 0.33. T-is correction is however in a different direction from the

one due to the .xisal lgnment of the strain gages, therefore some of the errors

shouJI ca ,cel out.

Staiig, G-eenzp.n ar.4 .4ewman 1( ] reported in as early as 1946 their experi-

mental study on ?oisson's razio of aluminum alloys 24 ST and 24 SRT, chrome-

molybdenux a eel plae e d structural and fully killed low-carbon steel plate.

In all case-; therj authors reported the increase of Poisson's ratio beyond

its -it'.ail (elistic) value throughout the longitudinal strain range tested.

This observation is not in agreement with the present findings.

We like to mention that the above discussed misalignment in the trans-

£4)verse strain gages also existed in tie tests by Stang et al . In addition

to this, as it was pointed out by these authors themselves in their report,

there were large discrepancies in the values of Poisson's ratio obtained by

them for two nominally identical specimens.

rinally, from a thermodynamic point of view the hydrostatic stress versus

volumetric strain curve should bend over toward the Ckk--axis 5; this agrees

with our own observations.
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VI. Conclusions

The following conclusions can be drawn from the present experimental

study:

(I) The curve of hydrostatic stress versus volumetric strain bends

over toward the volumetric strain axis for all three materials

tested. This implies that the commercially pure aluminum, the

electrolytic tough pitch copper and the low-carbon steel are plas-

tically compressible, (at least when the hydrostatic stress is of

a tensile character) and that the most important assumption in the

classical theory of plasticity concerning the plastic incompress-

ibility of material lacks experimental justification.

(2) Lateral instability occurs weakly in the case of aluminum and

occurs strongly in the case of low-carbon steel. Lateral instabil-

ity always follows the longitudinal plastic flow for aluminum,

whereas two possibilities arise in the case of low-carbon steel-

lateral instability may precede or follow the longitudinal plastic

flow as dictated by the anisotropy of the material. No phenomenon

of lateral instability has been observed for the copper specimens

tested.

(3) The lateral instability corresponds to a decrease in volume due to

a slight increase in load for the case of aluminum, and corresponds

to a sudden decrease in volume while the load remains constant for

the case of lo&-carbon steel. Where the lateral instability occurs,

Poisson's ratio has a large increase.

(4) Poisson's ratio for the caonnrcially pure aluminum decreases consid-

erably after yield has occurred, from an initial value of 0.30 to a

Ii
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value as low as C.06 corresponding to a longitudinal strain of

approximately 2%; beyond this point it increases continuously

and at an axial strain of 3% it reaches a value of 0.15 which re-

mains approximately constant up to ex

(5) for the electrolytic copper, Poisson's ratio decreases continuously

with E from a value of 0.35 to a value of 0.3 at c a 9%.

(6) For the low-carbon steel, two possibilities prevail. If the later-

al instability occurs before the longitudinal plastic flow then

Poisson's ratio increases suddenly at yielding from its initial

value of 0.29 to a value as high as 6.0. It then decreases grad-

ually and reaches a value of 0.3 at cx = 3%. Beyond this point,

Poisson's ratio remains approximately constant up to cX = 9%. If

the lateral instability occurs after the longitudinal plastic flow,

then Poisson's ratio decreases considerably after yield has occurred

from an initial value of 0.29 to a value as low as 0.02 correspond-

ing to a longitudinal strain of approximately 2.5%, beyond this

point, it increases continuously and at an axial strain of 3% it

reaches a value of 0.3 which remains approximately constant there-

after.

(7) Loops similar to the hysteresis loops are present in curves obtained

by plotting -t against c and also in curves of akk against Ckk
y x

for all three materials tested.

I
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TABLE I

Metal Group Specimen Heat Treatment Remarks

S# Constant strain-rate test
I No

#2

At #3 Annealed at 600oF
1100-0 for 2 hrs. and then oven Constant strain-rate test

#4 cooled to room temperature

#5 Annealed at 600°F Quasi-static test, loading-
III for 2 hrs. and then oven unloading loops observed

#6 cooled tc room temperature strain gages on both sides
of specimens.

#1

No Constant strain-rate test,
#2 loading-unloading loops

observed.

Cu #3 Annealed at 750°FII for 2 hrs. and then oven Constant strain-rate test0 #4 cooled to room temperature

#5 Annealed at 750OF Q ,si-static test
III for 2 hrs. and then oven

#6 cooled to room temperature

#1

#2
Low- Annealed at 1250°F
Carbon #3 for 1 hr. and then oven Quasi-static test,
Steel cooled to room temperature lateral instability
C1018 #4 observed

#5
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